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Abstract. The solvability in Sobolcv spaces is proved for divergence form 
second order elliptic equations in the whole space, a half space, and a bounded 
Lipschitz domain. For equations in the whole space or a half space, the leading 
coefficients a'^ are assumed to be measurable in one direction and have small 
BMO semi-norms in the other directions. For equations in a bounded domain, 
additionally we assume that a'^ have small BMO semi-norms in a neighbor- 
hood of the boundary of the domain. We give a unified approach of both the 
Dirichlet boundary problem and the conormal derivative problem. We also 
investigate elliptic equations in Sobolev spaces with mixed norms under the 
same assumptions on the coefficients. 



1. Introduction 

We study the solvability of elliptic operators in divergence form 

Cu = {a^-'u^i + a-'u)^j + b'u^i + cu (1-1) 

in Sobolev spaces with rough leading coefficients. Throughout the paper, the usual 
summation conventions over repeated indices are enforced. We assume all the 
coefficients are bounded and measurable, and a*-' are uniformly elliptic. 

There have been many research activities in this direction. For divergence form 
elliptic equations the strongest results up to date can be found in Byun Byun 
and Wang g, §, and Krylov [0- 

In 1^, the Wp solvability was obtained for the Dirichlet problem of divergence 
form elliptic equations in a Lipschitz domain with a small Lipschitz constant. For 
equations in a so-called Reifenberg flat domain, the solvability of the Dirichlet prob- 
lem and the conormal derivative problem was established in |^ and In those 
papers the coefficients a*-' are assumed to have small BMO semi-norms and lower or- 
der terms are not included. The main tools in l^, Q are the weak compactness, 
the Hardy-Littlewood maximal function, and the Vitali covering lemma originally 
used by M. Safonov. Before that, the solvability for the Dirichlet and Neumann 
problems of divergence form elliptic equations with VMO coefficients were obtained 
in 1^ for C^'^ domains, and in ^ for domains. 

In ijl^ , Krylov gave a unified approach of the Lp solvability of both divergence 
and non-divergence form parabolic and elliptic equations with leading coefficients 
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VMO in the spatial variables (and measurable in the time variable in the para- 
bolic case). Unlike the arguments in 0|, and which are based on certain 
estimates of Caldcron-Zygmund theorem and the Coifman-Rochberg- Weiss com- 
mutator theorem, the proofs in jl^ rely mainly on pointwise estimates of sharp 
functions of spatial derivatives of solutions. It is worth noting that although the 
results in are stated for equations with VMO coefficients, the proofs there only 
require a*-' to have locally small BMO semi-norms. We also remark that for di- 
vergence form parabolic equations a similar result was also obtained in Byun 
by adapting the approach in [^j. Krylov's method was later improved and gen- 
eralized in p^ -p6[|, [ p8[ and With the leading coefficients in the same 
class, Krylov ]18| established the solvability of both divergence and non-divergence 
parabolic equations in mixed-norm Sobolev spaces. 

There are many other results in the literature regarding the Lp theory of second 
order parabolic and elliptic equations with discontinuous coefficients. For non- 
divergence form equations, we refer the reader to (RL and refer- 
ences therein. For divergence form equations, see also [^6| and references therein. 

The theory of elliptic and parabolic equations with partially VMO coefficients is 
originated in Kim and Krylov jl^ , where the authors proved the solvability of 
elliptic equations in non-divergence form with leading coefficients measurable in a 
fixed direction and VMO in the others. Very recently, their result was generalized 
by Krylov fl^ , where the leading coefhcients are assumed to be measurable in one 
direction and VMO in the orthogonal directions in each small ball with the direction 
depending on the ball. For non-divergence parabolic equations, the W^^^ solvability 
was established in Kim [p^ , in which most leading coefficients arc measurable in 
time variable as well as one spatial variable, and VMO in the other variables. 
We remark that to our best knowledge, at the time of this writing, all known 
results concerning Lp solvability of elliptic and parabolic equations with partially 
VMO/BMO coefficients are only for non-divergence form. 

In this paper we consider divergence form elliptic equations in the whole space, 
a half space and a Lipschitz domain with a small Lipschitz constant. We deal 
with equations with partially BMO leading coefficients with locally small BMO 
semi-norms (Theorem 2.2), a class of coefficients which is more general than those 
treated previously in [|17|, |^ , Q and ^ . More precisely, we assume the coefficients 
a*-' are measurable in direction and BMO in the other directions with locally 
small BMO semi-norms (sec Assumption 2.1 for a more rigorous definition). This 
is the same class of coefficients considered in [|l^, in which non-divergence form 
elliptic equations are studied. For equations in a Lipschitz domain, additionally we 
assume that a*-' have small BMO semi-norms in a neighborhood of the boundary 
of the domain. Under these assumptions, we establish the unique Wp solvability of 
divergence form elliptic equations. We give a unified approach of both the Dirichlet 
boundary problem and the conormal derivative problem in a half space (Theorem 



2.3, 2.4) and in a bounded Lipschitz domain (Theorem 2.7 and p.8[). We also 



investigate elliptic equations in Sobolev spaces with mixed norms under the same 
assumption on the coefficients. We point out that, as in |jl^ and [|8), one feature 
of these results is that the matrix {a*^} is not assumed to be symmetric. 

One of the motivations of the paper is the following problem. Consider the 
equation {a^-'uxi)^- = div g in i?2, the ball of radius 2 centered at the origin, with 
zero Dirichlet boundary condition. The coefficients a*-' are assumed to be bounded. 
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uniformly elliptic and piecewise uniformly continuous on Bi and B2\ Bi. This is 
a very natural problem and the W2 solvability of it follows immediately from the 
Lax-Milgram lemma. However, for the Wp solvability when p 7^ 2, it seems to us 
that none of the results above are applicable in this case. We will give a solution 
to the problem at the end of Section |^ as an application of our main results. 

Our approach is based on the aforementioned method from [ pT| . However, since 
a'-' are merely measurable in x^, we are only able to estimate the sharp function of 
Ux', not the full gradient Ux as in | p7[ . Here and throughout the paper, we denote 
x' = (a;^, • • • , a;"*) G M''^^, so by Ux' we mean one of u^i, i = 2, - ■ ■ ,d, or the whole 
collection of them. Roughly speaking, the main difficulty is to bound u^i by Ux'- 
One idea in the paper is to break the 'symmetry' of the coordinates so that x^ is 
distinguished from x' . Another idea is to estimate the sharp of a^^w^i instead of 
Uxi. This estimate together with a generalized Stein- Fefferman theorem proved in 
|l9| enables us to bound The main advantage of the approach is that here we 
can obtain the boundary estimate immediately from the estimate in the whole space 
since the leading coefficients arc allowed to be just measurable in one direction. In 
a forthcoming paper, we will extend our results to systems with variably partially 
BMO coefficients. 

A brief outline of the paper: in the next section, we introduce the notation and 
state the main results. Theorem 2^, 2^, 'ZA, 2/7 and 2^. Section || is devoted to 



several auxiliary results which will be used later, in which we estimate the Lp norm 
Uxi by the Lp norm of Ux' (Theorem 3.7). Then in Section^, we give an estimate 



of the sharp function of Ux'- By combining this with Theorem 3.7, we are able 
to prove Theor em |2.2| i n Se ction ||. Theorem |2.3| and |2.4| are proved in Section 



while Theorem 2.1 and 2.8 are proved in Section |7[ Finally, the last four sections 



are devoted to the mixed norm estimate. 

2. Main results 

Before we state our assumptions and main theorems, we introduce some neces- 
sary notations. By M.'^ we mean a d-dimensional Euclidean space and a point in M** 
is denoted by a; = {x^, ■ ■ ■ , x'^) = (x^, a;'). For given two positive integers di and ^2 
such that c?i -f (^2 = rf, we set 

xi = (a;\--- ,x'^')&W^\ X2 = (a;''i+\--- ,x'^) 

That is, for example, xi represents the first di coordinates of a: € M'*. 
If Q, is an open subset in R'', we define 



||w||l,.p(J2) := ||w|lL;2Ljim) " I / (/ \u{x)Y' In{x) dxA 




q/p \ 



X2 



Note that, in case p = q, Lp{n) = Lp^p{^) = L^^L^^{n). Set 
= {a: G K'' : a; = ix\ ■ ■ ■ ,x'^),x^ > 0}. 

A function u belongs to VFq^p(ri) if u,Ux & Lq^p{Q). Unless specified otherwise, by 
Lp we mean Lp{R'^). Similarly, whenever we use Wp , Lpjoc, Wpjoc, and C^, 
we understand that is omitted. 
For a function / in R'', we set 
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where |r2| is the d-dimensional Lebesgue measure of il. 

Throughout the paper we assume that the coefBcients a*-', a', b\ and c are 
bounded by a constant K > 1. Moreover, we assume the uniform cUipticity condi- 
tion on a*-', i.e., 

for aU X and ^ G M"^, where S G (0, 1). 

We need a very mild regularity assumption on the coefficients a'^. To present 
this assumption, let 

Brix) ={yeR'':\x-y\< r}, Bl{x') = {y' £ M'^"! : \x' - < r}, 

rr(a:) = (.T^ -r,xi +r) X S;(a;'). 

Set Br = Br{0), B[. ^ B;(0), and \B'^\ is the d - f -dimensional volume of J5;(0). 
Denote 



oscr' a ■ 



^r{x)) = ^[ / \a'={y\y')- I {y\ z') dz'\dy' dy\ 

/ a^J[y\z')dz' ^-^ [ a^Hy\z')dz'. 

J B'(x') \^r\ Jb'(x') 



Then we set 



= sup supsuposCj:' [a^^ jTrix)) . 



The following assumption contains a parameter 7 > 0, which will be specified 
later. 

Assumption 2.1 (7). There is a constant Rq S (0, 1] such that af^^ < 7. 

We state the main results concerning elliptic equations in divergence form in the 
usual Sobolev spaces Wp. For equations in Sobolev spaces with mixed norms W^p, 
as indicated in the introduction, our results are presented in Section ^. 

Theorem 2.2 (Equations in the whole space). Letp £ (1, 00) and f,g= (51, • ■ ■ 1 9d) G 
Lp. Then there exists a constant 7 = '^{d^p, S, K) such that, under Assumption 2.1 
('y), the following hold true, 
(i) For any u g Wp satisfying 

£u- Xu^divg + f, (2.1) 

we have 

X\\u\\l, + VX\\u,\\l, < NVx\\g\\L, + N\\fU,, (2.2) 

provided that A > Aq, where N and Aq > depend only on d, p, 5, K and Rq. 
(a) For any A > Aq, there exists a unique u G Wp satisfying (2.1). 
(Hi) //a* = 6* = c = and a*-' = a''^{x^), i.e., measurable functions of x^ G K. only 
with no regularity assumptions, then one can take Aq = 0. 

The next two theorems are about the Dirichlct problem and the conormal de- 
rivative problem on a half space. 
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Theorem 2.3 (Dirichlet problem on a half space). Let p E (l,oo) and f, g = 
(ffij''' jBd) G Lp{M.'^). Then there exists a constant 7 = jldjp, S, K) such that, 
under Assumption 2.1 ("f), for any u £ Wp{M.'l) satisfying 



Cu — Am = div g + f in R'^ 
u = on dRf ' 



(2.3) 



^^WuxWl.IrI) + A||uilLp(E^) < ^^II,9|Ilp(k^) + ^II/IIlp(r|)> (2-4) 

provided that A > Ao, where N and Ao > depend only on d, p, 6, K, and Rq. 
Moreover, for any A > Aq and g,fG Lp{M.'^), there exists a unique u € M^p(R'^) 
satisfying (p.3[). 



Theorem 2.4 (Conormal derivative problem on a half space). Let p e (1, 00) and 
/; 9 ~ (Sii' ■ ■ i5<i) G Lp(M'J_). Then there exists a constant 7 ~ j{d,p, 5, K) such 
that, under Assumption \2.\ (^), for any u £ W^{W\_) satisfying 



Cu — Xu = div g + f in R'^ 
a^^u,j.i + a^u = gi on dR'i^ ' 



(2.5) 



we have 

^hxh^lRd^) + MWh^^Ri) < ^VA||.g||i,^(Kd ) + A^||./||lp(r1)> (2-6) 



provided that A > Aq , where N and Aq depend only on d, p, 6, K , and Rq. Moreover, 
for any A > Aq and g,f£ Lp(M.'^), there exists a unique u S M^p(K!^) satisfying 
(II)- 



Solutions of (|2.5|) are understood in the weak sense. More precisely, we say 



u e Wpi(M^) satisfies (gj) if we have 



[-a'^u.j.icjy^j - a^ucjj^j + b''u^^4>+ (c - \)u(j)) dx = / {-gj(t>xi + f4>) dx 

(2.7) 

for any (j> G Wp/(R^^), where p' satisfy l/p + 1/p' = 1. For discussions about the 
conormal derivative problem, we refer the reader to |2|] and [ p3| . 

Next we consider the solvability of divergence form elliptic equations in domains 
with the homogeneous Dirichlet boundary condition: 

Cu = div g + f in n ,^ 
u ~ on dil ' 

We shall impose a little bit more regularity assumption on a'^ near the boundary. 
For any x &R'^, denote 

dist(x, 951) = inf \x ~ y\. 

yedfl 

Assumption 2.5 (7). There is a constant i?i G (0, 1] such that, for any xq £ M.'^ 
with dist(a;o, 9ri) < Ri and any r e (0, we have 



/ yHx)-{a^^)B^ixo)\dx<^. 



sup 
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We also impose the same assmxiption on domains as in i.e. the boundary dfl 
of the domain f2 is locally the graph of a Lipschitz continuous function with a small 
Lipschitz constant. More precisely, we make the following assumption containing a 
parameter 9 G (0, 1], which will be specified later. 

Assumption 2.6 {9). There is a constant i?2 G (0, 1] such that, for any xq e dfl 

and r E (0, R2]; there exists a Lipschitz function 0: W^^^ M. such that 

fl n Brixo) = {x e Brixo) : > (t){x')} 

and 

x' ,y'eBl.(x'g),x'^y' IV ^ I 

in some coordinate system. 

Note that all domains satisfy this assumption for any 9 > Q. 

Theorem 2.7 (Dirichlet problem on a bounded domain). Let p e (1, 00) and fl be 
a bounded domain. Assume a^; + c < in D, in the weak sense. Then there exist 
J = j{d,p,S, K) and 9 — 9{d, p, S, K) such that, under Assumption \2.i^ ('y), \2.\ ('y), 
and Assumption (6 ), f or any f , g = {gi, ■ ■ ■ , gd) G Lp{Q.) there exists a unique 
u G Wp{fl) satisfying ( |2.8| ). Moreover, we have 

ll«livvi(o) < A^II/llL,(^2)+iV|1.9llL,(o), (2.9) 
where N is independent of f, g and u. 

Our last result is about the solvability of divergence form elliptic equations in 
domains with the conormal derivative boundary condition: 

Cu = div g + f in ft , 

a^^u^iU^ +a^un^ ~ gjn^ on dfl ' 

where n ~ {n^,- ■ ■ ,n'^) is the outward normal direction of dil, which is defined 
almost everywhere on dfl. Like before, solutions of ( 2.1C|) a re understood in the 
weak sense. More precisely, we say u g VF^ (fJ) satisfies ( 2.10| ) if we have 



{-a'^Uxi^t^xi - a^u(f>^j + b'u^.(j) + cucp) dx = {-g^ct^x^ + /0) dx, (2.11) 

Jo. 

for any G %\(r2). 

Theorem 2.8 (Conormal derivative problem on a bounded domain). Let p E 

(1, 00) and be a bounded domain. Assume a^; + c < in D, in the weak sense. 
Then there exist 7 = j(d,p, S, K) and 9 = 9{d,p, S, K) such that, under Assumption 
2^ (-y),^^ ('j), and Assumption [g^ (9), 

(i) If in the weak sense a* ; + c = m f2 and a^n^ = on dVL, then for any 
f) 9 = (5ir'' i9d) G Lp{Vt), the equation ( 2.10| ) has a unique up to a constant 
solution u £ Wp{Q) provided that 6* = c = and J^fdx = 0. Moreover, we have 

< A^||/||lp(o) + A^llffilLp(n)- 

(ii) Otherwise, the solution is unique and we have 

IHw^in) < N\\f\\L^^n) + N\\g\\L^(^n)- 
The constant N is independent of f,g and u. 
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Here, by a^i + c < in f2, we mean 

(-aVa;' + C(^) dx <0 

n 

for any nonnegative (p G Cq (fJ). By a^i + c = in and a'n* = on 9ri, we mean 



(-aV^. + C(^) = 0. (2.12) 



n 



for any (j) G (^)- 

Restricted to equations in Lipschitz domains, Theorem 2.7 and 2.8 improve the 
previous results in Q and |^ in two aspects: first we only assume that the lead- 
ing coefficients have partially small BMO semi-norms in the interior of the domain; 
second we also allow lower order terms. At the time of this writing it is not clear to 
us whether our method can be extended to deal with equations in Rcifcnberg flat 
domains. We remark that for the Poisson equation in arbitrary Lipschitz domains 
but with a restricted range of p, the solvability result was established by Jerison and 
Kenig ||T^ (see also |^ for a generalization to equations with VMO coefficients) . 

We end this section by giving an example dealing with elliptic equations with 
piecewise continuous leading coefficients on a bounded domain. This is another 



nice application of Theorem 2.2, showing the possibility that the results in this 
paper can be applied to many different equations with not necessarily continuous 
coefficients. For simplicity, consider 

(a'-'u^.)^^. = divg inB2, u\ob2 = 0, (2-13) 

where each a*^ is piecewise uniformly continuous on Bi and i?2 \ Bi. As always. 



are assumed to be uniformly elliptic. For the solvability of the equation (2.13) 



in Wp{B2), Theorem 2.7 is not applicable because the coefficients a'-' do not have 
partially small BMO semi- norms in any fixed directions. However, upon having 
an appropriate partition of unity and change of variables, the interior estimate is 
derived from the Lp-cstimatc of equations with piecewise continuous coefficients. 
Here by 'piecewise continuous coefficients' we mean coefficients a*-' continuous on 
M.'^ and on R'^\R 'l. Needless to say, this class of coefficients satisfies the assumptions 



of Theorem 2.2 



The interior and boundary estimates give us 
\\ux\\l^{B2) < N\\9\\l^{B2) +^I|w||lp(S2)- 



Then, for p > 2, one can use the argument in the proof of Theorem 2.7 below to 



absorb the term A^||u||ip(B2) left-hand side. Thus we obtain an estimate as 



in Theorem 2.7. The estimate when p G (1,2) follows from the duality argument. 



Consequently, for a given g G Lp{B2), 1 < p < oo, there exists a unique u G Wp{B2) 



satisfying (2.13) 



3. Auxiliary results for equations with measurable coefficients 
In this section we set 



and we do not impose any regularity assumptions on the coefficients of the operator 
Cq, except a^^. The coefficient a^^ is assumed to be a measurable function of 
only or satisfying 

Assumption 3.1 (7). There is a constant Rq G (0, 1] such that a^^J"^ < 7. 
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Here 7 > is a constant to be specified, and 

ajj^''^ = sup sup 0SC2;' (a^^,rr(a;)) . 

However, in Theorem 3.2 all coefficients including a^^ are measurable functions of 



X G with no regularity assumptions. 

The first result is the classical L2-estimate for elliptic operators in divergence 
form with measurable coefficients. 

Theorem 3.2. There exists N = N{d, 5) such that, for any A > 0, 

Vx\\u.x\\l, + MHl, < N (VA||.g|U, + ll/IU,) , 

provided that u G W2 , f , g = (51, ■ ■ ■ , gd) G L2, and 

Cqu ~ \u = div g + f. (3-1) 
Furthermore, for any A > and f, g E L2, there exists a unique solution u G W2 



to the equation (3.1) 



Proof. We present a proof for the sake of completeness. Due to the method of 
continuity it is enough to prove the estimate. Moreover, by the denseness of 
in W2 it suffices to consider u G . Then from the equation and the uniform 
ellipticity condition it follows that 

\urr\^ dx + \ I \u\^ dx < I a''-' u^iU^j dx + X / luP o?a; 



giU^idx— I fudx 
<5/2 [ \u^,fdx + N[ \gfdx + \/2[ \u\^ dx + ^ [ \f\'^dx, 

JR'i JRd JRd A Jjjd 

where N = N{d,6). This finishes the proof. □ 
If the above operator Co is replaced by the Laplace operator A, it is well known 



that the result as in Theorem 3.2 holds true not only for p = 2 but also for p G 
(1, cx)). More precisely, if A > and /, g G Lp, then there exists a unique solution 
u G Wp to the equation Ait — Am = div g + /. As above, we have 

WuxWl, + ^\\u\\l, < N {\\gU^ + X-'/'Wfh,) 

for all A > 0. Using this result, we prove the following theorem. 

Theorem 3.3. Let p G (l,oo), A > 0, k > 4, and r > 0. Assume that u G W^^^^, 
f ) 9 — (ffii ' ■ ■ 7 9d) G Lpjoc, and Au — Au = div g + f in B/^r- Then there exists a 
constant N = N{d,p) such that 



L 



- r dx < Nk-p (\u,\p + XP^'\u\p)^ +N^'' {\g\P + \-P^'\f\p) 



Proof. We follow the idea in the proof of Theorem 7.1 in taking into account 
the presence of A. We can certainly assume that u, /, and g have compact supports. 
In addition, we assume that u, /, and g are infinitely differentiable. Indeed, if not, 
we take the standard mollifications and prove the estimate for the mollifications. 
Then we take the limit because the concerned constants are independent of the 
smoothness of the functions involved. 
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Take a C e such that 

C = l on B,r/2, C = on M'^ \ B,,. 
Then we find a unique solution w £ Wp to the equation 

(A-A)u; = div(C5) + C/- 
Set V := u — w and observe that 

(A-A)^;=div((l-C)5) + (1-C)/- 
The classical theory on elliptic equations in divergence form indicates that w and 
V are infinitely differentiable. In addition, in i?„r/2i 

(A- A)v = 0. 

Then if we view v as a function in C^^^{M.'^^^) independent of i, by Lemma 7.4 in 



1181 

iK-MBj'')B^<NK-p[K\p + \p/'\v\p)^ , (3.2) 



where TV depends only on d and p. 
On the other hand, we have 

\\w.,U^ + VX\\w\\l, < N (||C.9!|l, + X-'^'WCfh,) , 

which implies 

(k.Ds. < Nr-'' (llCglli, + A-^/^llC/II^J < Nn' {\gf + ^-""^Vl") , 

From these inequalities as well as (3.2), we see that 

/ K-Mb ?'dx<N{\v,-{v^)BAnB +N{\w^\P)s 

J Br- r r 

< Nk-p {\v^\P + XP/^\v\P^ ^ + Nk'^ (\g\P + \~P/'^\f\P^ ^ . 
We also have 

(jv.f + X^^M") ^ < N {\u,\P + \P/^\u\p) ^ + N {\w,\P + XP/^\w\p) ^ 

< N {\u,.\P + XP/^\u\p) ^ +N{\g\P + X-P^'\f\p)^ . 

Combining the above two sets of inequalities we arrive at the desired inequality in 
the theorem. □ 

We frequently make use of the following change of variables to 'break' the sym- 
metry of coordinates. Let 

Cqu — Aw = div g + f 
in R^. For a number /i > 1, we set 

a''^ {x^ , x) = a^-' {ji^^x^ , x'), u{x^ , x') = u{fi~^x^ , x'), (3.3) 

f{x^,x) = f{fj.^'^x^,x'), g(x^,x') = ifj.gi,g2, ■ ■ ■ , gd){fJ.~^x^ ,x'). (3.4) 
Clearly u satisfies 

(Ai^a^w^i)^! + ^ {^la'^^u^i)^. + ^ (/io'^il^.)^! + ^ {a'^u^i)^, - Au 

j>l i>l i,j>l 
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= divg + /. 

If we set Cqw = {a}^Wxi)x'^ + Ad_iu;, where A^-iw = X]f=2 '"'a;'^;'' then 

£oM — /x~^Am = div ^ + /, (3-5) 

where 

7 —17 - — 2~ — 1 X ^ - 7 1 - 

/ = M /, 51 = M .91 - « ^ 



i>l 



i>i 

We now assume that the coefficient a^^ is a measurable function of a;^ e M. 
Under this condition on a^^ (no regularity assumptions on a*-' if > 1) we prove 
an estimate for a}^Uj.i. 

Lemma 3.4. Let A > 0, r > 0, k > SKS^^, and a^^ = a}^{x^). Assume that 
u e Wli^^ and 

Cqu — \u = div g + /, 
where f , g (z L2joc- Then there exists a constant N ~ N{d,S,K) such that 



1/2 



/or all /X > 1, where a'^ , u, f , and g are those defined in ( p.3[ ) anc? (3.4). 
In particular, if X — f — 0, i.e., Cqu = div g, we have 

/or a/Z /-t > 1. 

Proof. The second inequality in the lemma follows easily from the first. Indeed, if 
we write Cqu ^ Xu ~ div g — Aw, by the first inequality 

Then letting A \ gives the result. 



To prove the first inequality in the lemma, recall that u satisfies (see (3.5)) 

Cqu - Au = div.g + fx, 



where A > and fx = f + (a' ^ ^ 1)Am. Using Theorem 3.2 we find w £ 
satisfying 

Cow - Aw = div {Is^^g) + Ib^Jx, 
where In is the indicator function of a set SI. Then v u — w satisfies 

Cov - Aw = div ((1 - lB^^)g) + (1 - /b,J/a. 
In particular, Cqv ~ Xv ~ in B^r- 
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Now we use the following change of variables. Set 

1 

1 

/o a~ir) 

Since S < a^^ < K, we readily see that the inverse 4>~^ exists, is a bi-Lipschitz 
function, and 

K-'^ <<t>{t)lt<5^^, 5 <<t>^^{t)/t<K (3.6) 

for t 7^ 0. We define 

v{y\y')=v{<l>-\y^),y'). 
We also define ri = \/25~^r and ki — nj {2KS~^). Using the fact that Cqv — Xv ~ 
in Bkt, Kiri = Kr /{\i^K), and ( |3.6| ), we find that, in i?Kiri, 

Vyiyi + a^\y^)Ad-iv - \a^\y^)v ^ 0, 
where a^^{y^) — a^^{(f)~^{y^)). Equivalcntly. in iJ^iri, 

Au- Av = (f - a"(y^)) div(0, ■■ - V) ^ ^ (l - ^■ 

Then by using the change of variables as well as Theorem (note that ki > 4) 
we obtain 



/ |a"w^i - (wyi)i3 ?dx<Nf \vyi ~ (vyi) \^dy 

<N^-mVy\')^^ +NKf{\Vy,\-'+X\v\^)^ 



< Nk-' (k^Hs^,, + Nk'' + Mv\^)b^^ , (3.7) 

where N = N{d,S, K). 

We also need estimates for w. By Theorem 3.2 

\\y^A\L, + ^\\w\\l, < N + X-'^^\\Ib^Jx\\l,) ■ 

From this and the definition of fx it follows that (also note that /i > 1) 

(Msr < Nn'' + A-i|/T + A|Sp)^^^ , (3.8) 

+ A|«;p)^^^ < N {\g\^ + A" V? + Al^^^^^ • (3.9) 
This together with u = w + v yields 

{\vA^ + AKf )^^^ < N {\uA^ + A|Sp + + A- VT)s.. • (3-10) 
To combine all the inequalities shown above, we start with 

which holds true for any constant C. Upon replacing C with {vx^)b ^^^^ using 
u ^ w + V again, we arrive at 

,1/2 ,xl/2 ,1/2 



/ < 



|a"i2,i-(i;,i)5^j2j^ <iV(|a"«,i -(i;,i)5^j2j^ + N {\w.,\^) 

From (|j|), ( |3l0| ), and (fj) 

/i < A^.^-^ {\uA')f + Nn'/^ + A|Sp + |5P + A" VT)^' 
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Here we also used u ~ w + v and k > 1. From (3.8), 

hKNn'^/^ {X\u\^ + \-g\' + X-'\f\'Y^\ 

Finally, notice that 

(l/T)Bil=M-^(l/T)l/:. 

Therefore, 



/ < 



for /i > 1. The lemma is proved. □ 



We recall the maximal function theorem and the Fefferman-Stein theorem. Let 
the maximal and sharp functions of g defined on M.'^ be given by 

Mg{x) = sup f \g{y)\dy, 

r>0 J Br{x) 



g*{x) = sup / \g{y) ~ {g)B^{x)\dy. 

■r>0 J Br{x) 

Then 

HK<N\\g*\\L,. \\Mg\K<N\\gU,. 

if 5 S Lp, where 1 < p < oo and N = N{d,p). As is well known, the first inequality 
above is due to the Fefferman-Stein theorem on sharp functions and the second 
one is the Hardy-Littlewood maximal function theorem (this inequality also holds 
trivially when p = oo). 

Theorem 3.5 below is from ps[ | and can be considered as a generalized version 
of the Fefferman-Stein Theorem. To state this theorem, let 

C„ = {Cnih, ■ ■ ■ ,id),io, • • • ,id e Z}, n G Z 

be the collection of partitions given by the dyadic cubes in 

C„(zi, • • • , id) = [ii2-", {h + 1)2-") X ... X [i<i2-", {la + 1)2""). 

Theorem 3.5. Let p E (l,oo), and U,V,Fe ^ijoc. Assume that we have \U\ < V 
and, for any n E Z, and C € C„, there exists a measurable function on C such 
that \U\ <U^ <V onC and 

\U - {U)c\dx, J \U'^ ~ {U^)^\dx^ < J F{x)dx. (3.11) 



Then, 

\\U\\l^<N{d,p)\\FUJ\V\\l-\ 

provided that F,V £ Lp. 



If a^^ is measurable in x"'^ € R and has a locally small BMO semi-norm in x' G 
M"^"!, we show in the following lemma that u, where u is a solution to Cqu = div g, 
satisfies an inequality as in (3.11). 
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Lemma 3.6. Let 7 > 0, /i > 1, an d t , a E (l,oo) such that l/r + l/tr = 1. 
Assume that a^^ satisfy Assumption 3.1 (^y) and g G L2joc- Also assume that 
u € W2 igi- vanishes outside B^-ij^, where R G (0,Ro], and satisfies Cqu ~ div g. 
Then, for each C G Cn, A* > 1, and k > 8KS~^, there exists a measurable function 
a{x^) = a,^^K,c(x^) such that S < a{x^) < K and 

+- |a?2^i — {aUr^i)(j I dx < NF{x) 
J c 

for all X Cz C, where N = N(d, S, K) and 

^^rf/2^i/(2<.)^i/(2.) (M|S,i|2-)i/(2-) ^ (Af . 
Recall that u and g are those in (|3.3[) and (|3.4|) . 



Proof. Let Br{xQ) be the smallest ball containing C. We split into two cases de- 
pending on whether nr < R ov nr > R. 
If Kr < R. Set 

a{x^)= I a^\x\y')dy', a{x^) = a{fi-^x^). 

Since 

{au^i)xi + ^ (a'-'u^i)^,j = divg + ((a - a^'^)u^i) , 
ij>i 

by Lemma 3.4 with an appropriate translation 



Note that 

/-|/_ -11\- |2\l/2 ^ /i- -11 |2cr\ l/(2<^) /\- |2T\l/(2'r) 



where 



<N j j y\fi-^x\x')~ j a^^{fi-^x^,y')dy'\dx' dx^ 

< TVAiOSC,. (a",r„.(^-ia;J,4)) < N^iag < N^a* < Nfij. 
Also note that if a; £ C, then B2Kr{x) D B^r^xo) and, for example, 

for all x Cz C. From this observation as well as the above inequalities for /, we 
obtain / < NFfj„K,{x) for aU x e C. 



If Kr > R. Set 



a{x^)^ f a^\x\y')dy', a{x^) = a{^i-^ x^) . 
J B' 
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Since u vanishes outside B^-ij^, u has a compact support in Br. Thus 



where 



1 



<N--— / \a^^{p-^x\x')- i a^\iJ-^x\y')dy'\dx' dx^ 



If we proceed as in the first case, we come to / < A^i^^i_„(x) for all x G C. 
Finally, observe that 

y - (au^i)c \dx <2 J |aM^i - (au2;i)B,(a;o) I - 

where is independent of r. The lemma is proved. □ 

Now we are ready to prove that the Lp-norm of u^i is controlled by that of g 
and Ux' if u is a solution to Cqu — div g with a^^ measurable in a;^ G R and small 
BMO in x' e M^-i. 

Theorem 3.7. Let p £ (2,oo) and g S Lp. There exist constants 7, /i, and N, 
depending on d,p,S and K, such that, if a^^ satisfies Assumption 3.1 (j), then for 
u G satisfying Cqu = div g and vanishing outside B^-i^, where R < Rq, we 
have 

\\Ux\\L,<N{\\Ux'\\L, + \\g\\L,). 

Proof. It is enough to prove 

\\Uxi\\L,<N{\\Ux'\\L, + \\g\\L,). 



Fix T in Lemma 3.6 such that p > 2t > 2. Also take k > 8K6~^ and fi > 1 to he 
specified below. To use Theorem we set U = Su^i and V = K\uxi\, where u is 
3^. For each C G C„, we set U'~'' = \dUxi\, where d = d^^K,c is also 
Since 5 <d < K, we have 

\u\ <u'^' <v. 

Note that 



from Lemma 
from Lemma t5.6 



\U^' - {U^) \dx <2 \duxi - iduxi)c\dx < N F^^^{x)dx, 
Jc Jc 

where the second inequality is due to Lemma Then by Theorem |3.5| , 

From this and using the maximal function theorem (it is essential to have p > 2t) 
we get 
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where N = N{d,p, 6, K). Choose a sufficiently big k, then /x, and finally a small 7 
so that 

N + ^'^/V"' + K-^/Vi/f^^^T^/f^-)) < 1/2. 

Then 

<a^(I1s.'||l. + II.9||lJ. 

To finish the proof, we just return to u and g by using ( ^.3| ) and (3.4). □ 

4. Equations in divergence form with simple leading coefficients 
In this section, we set 

where the coefficients are measurable functions of e M only, i.e., a*-' = a^^ {x^). 
We denote, as usual, 

r ^ \u(x) — U(y)\ 

[uUn= sup ' ^ 

x,yen \x — y\ 

Lemma 4.1. Let p E [l,oo), A > 0. Assume u E and Cu — Ait = in i?2. 

Then we have 

where {N,a) = {N,a){d,p,5,K). 

Proof. First assume that A = 0. By the De Giorgi-Moser-Nash Holder estimate, 
there exist N and a € (0, 1), depending only on d, p, S, and K, such that 

N„,B, < N\\u\\L^^B^y 

Note that Wa;' also satisfies Cux' = in £?2. Thus 

K']a,Bi < N\\u^>\\l^(^B2}- 

If A > 0; we use an idea by S. Agmon. Let z = (x, y) be a point in M'^+^, where 
X G W^', y eM., and u{z) and Br be given by 

u{z) = u(a;, y) = u{x) cos{y/\y), Br ^ {\z\ < r : z E M''+^}. 

Since u satisfies, in B2, 

Cu + {Uy)y = 0, 

by the above result applied to u we have 

<^II^^IIl,(b.) (4-1) 
where N — N{d,p, 6, K). Observe that 

and D^u is the collection consisting of 

cos(V^y)u2;, — \/A sin(\/A2/)u. 



Thus the right-hand side of ( [4.l[ ) is less than the right-hand side of the inequality 
in the lemma. The lemma is proved. □ 
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Corollary 4.2. Let p e [l,oo), k > 2, r > 0, and A > 0. Assume u e Cj^^ and 
Cu — \u = Q in B^r ■ Then we have 

where {N,a) = {N,a){d,p,5,K). 

Proof. Thanks to the scaling argument it is enough to prove the estimate when 
r = 1. Set 

a^^x) = a'^{Kx/2), v{x) = u{kx/2). 
Then v satisfies, in B2, 

(a^'v,.)^^ - {n/2fXv = 0. 



By Lemma 4.1 



<NKi\u.,n]i''+NKX'/mun'jr 



Note that 



{n/2) 



l+a 



Using this and the above inequality, we see that 



□ 



We prove a version of Theorem 3.3 when p ~ 2 and the Laplace operator is 
replaced by C. However, due to the fact that a*^ are measurable with respect to 
x^ G M, we only have the estimate of the L2-oscillations of Ux' ■ In the proof we use 
Corollary 4.2 for p = 2. 

Theorem 4.3. Let A > 0, k > 4, r > 0, w G W2 o-'n-d f,gE L2joc. Assume that 

Cu — Xu = div g + / 

in B^r- Then there exist positive constants N and a, depending only on d, S, and 
K , such that 



In particular, if X = f = 0, i.e., Cu = divg, we have 



(4.2) 



Proof. As in the proof of Lemma 3.4, it suffices to prove (4.2). We proceed adopting 
the same strategy as in the proof of Theorem 3.3. As noted there, we can assume 
that all the coefficients as well as u, /, and g are infinitely differentiable. 
Take a C G such that 

C = l on B«,/2, C = on R'^ \ 



By Theorem 3.2, for A > 0, there exists a unique solution w G W2 to the equation 

(£-A)u;-div(C5) + C/. 
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Since all functions and coefficients involved are infinitely differentiable, by the clas- 
sical theory on elliptic equations in divergence form, w is infinitely differentiable. 
The function u w — is also infinitely differentiable and satisfies 

(£-A)t; = div((f-C).g) + (l-C)/, 
as well as [C — \) v = in i?Kr/2- Thus by Corollary |4.2| (note that k/2 > 2) 

{K' - Mb^ < iV^-'" {\v.\' + AKf )^^^ . (4.3) 

Regarding w, by Theorem |3.2| we have 

Ih.lU, + ^\\w\\l, < N (llCalU, + A-i/2||C/iU.) , 

In particular, 

{M')b,. < Nr-" (IIC.9IIL + A-^IIC/IIL) < Nk'' + \~'\f?)^^^ , (4.4) 

Now we prove (|4.2|). From ([f.3|), ( [4.4| ), and the fact that u = w + v, we obtain 

{\u.' - Mb^ < N {\v.,, - MbJ')s^ + N iM')^^ 

2a |2 I \L,|2\ , Ar,.c! /I „|2 i x-l|j|2\ 



From (4.5), we also get 

|2 I \L,|2 



Combining the above two sets of inequalities wc come to the inequality (4.2). □ 



5. Equations with partially small BMO coefficients 



We prove in this section Theorem p,.2\ the first of our main results, where we con- 
sider the operator C with coefficients in their full generality as given by Assumption 



2.1. That is, we consider 

Cu = {a^^u^i -f a-'u)^j + b'u^i + cu, 

where a^^ are measurable in and have locally small BMO semi-norms in x' E 
M.'^~^. All the other coefficients a\ 6*, and c arc only bounded and measurable. 

Theorem 5.1. Let a"" ^ V = c = 0, -f > 0, r, cr e (l,oo), l/r+ 1/cr = 1, and 
R G (0, Rq]. Assume u € C5" vanishing outside Br and Cu ~ div g, where g E L2. 



Then under Assumption 2.1 ('y) there exists a positive constant N , depending only 
on d, 6, K, and t, such that 

- K')B.(.o)nB.(.o) ^ Mbm 

+ Nk'' {{\g\')B.A^o) + 7'/^(k.P^)sl:(.o)) ' (5-1) 
for any r E (0, 00), k > 4, and Xq £ M."^ , where a = a{d, S, K) > 0. 
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Proof. The proof is similar to that of Lemma 3.6. Fix k > 4, r e (0,oo), and 
xo = {xq, Xq) E M'*. Then introduce, for all i, j = 1, ■ ■ ■ , d, 

a'i{x^)^ I a'\x\y')dy' if Kr < R, 
a'^x^)=S a'^ix\y')dy' if nr > R, 



and £u = (a^^u^i) j. We see that Cu = divg, where 



9] = [a'^ -a'^)u^^ +9]- 



Then by Theorem i2 with an appropriate translation, 

J B^(xn) 



where (iV,a) = {N,a){d,5,K). Observe that 



j \g\'^dx <N I \g\^dx + NI, 



B^ri^o) 



, (5.2) 



(5.3) 



where N = N{d) and 



/ = 



I (a'-' — a'^^)u^i\ dx 



'B^A^o) 

By the Holder's inequality, we have 



B^r{xo)nBR 



I (a*-' — a^^)ua:i\ dx. 



(5.4) 



where 



If nr < R, 



Ji 



B^r{xo)nBR 



< N 



x„+Kr 



\a'^ -a'^l^^dx, J2^ f Kl^^dx. 

J Bkt(xo) 

Ji<N [ \a'^ - a'^dx 

\a'^{x^,x')- / a'^{x^,z')dz'\dx' dx^ 
LAx') Jb'Jx') 



< N{nrYa*. < N{nrfa* 
where N depends only on d and K . In case nr > R, 



Ji<n[ |a" - a"|da; 
Jbr 



< N 



RJb' 



la'-'ix^x')- f a''{x\z')dz'\dx' dx' 
'b' 



< 



NR'^a* < N{Krfa% 



where N ~ N{d,K). From the above estimates for Ji as well as the inequalities 
(5^), (5^), and (5^), we prove 



B^ixo) 



- Mbaxo) f dx < Nn-^'^ Mbm + ^'^^ ^\9?)bm 



'B^Axo) ' 
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where N = N{d, 6, K, a). It only remains to notice that a* < 7. □ 

Lemma 5.2. Let p e (2, 00), ^ b'^ = c ^ 0, g ^ Lp and /i be the constant in 
Theorem 3.7. Then there exist positive constants 7 and N depending on d, p, 5 



and K such that, under Assumption 2. !("/), for u G vanishing outside Br, 
R < ji~^Ro and satisfying Lu = A\v g, we have 

\\uAL,<N\\g\\L^. 
Proof. Choose re (1, 00) such that p > 2t and set 

A{x) = M{\g\^){x), B{x) = M{\u,\^){x), C{x) = M{\u,\^^). 
Then the inequahty ( |5.l[) imphes 

d^^.' - MbAxo)\')bAxo) - ^^'-^M + Nk-^''B{xo) + Nn'^j^/'^CixoY/^ 

for aU xq E W^, k > 4, and r > 0. Taking the supremum of the left-hand side of 
the above inequality with respect to r > and using 

{K' - (u.')B.(a.o)l)s,(,„) ^ (I"-' - ("-')s.(^o)I')b.(.o) ' 

we obtain the following pointwise estimate: 

(.u*{x))'^ < Nn'^Aix) + Nk-^°'B{x) + N^'^j^^'^Cixy/^ 

for all X G R'' and k > 4. Again apply the Fefferman-Stein theorem on sharp func- 
tions and the Hardy-Littlewood maximal function theorem on the above inequality 
to get 

where the last inequality is p ossible due to p > 2r > 2. On the other hand, since 
R < fi~^Ro, hy Theorem |3.7| we have 

as long as 7 is less than the constant with the same notation in Theorem 3.7, 
Therefore, 

where N ~ N{d,p, S, K). Now we finish the proof by choosing a big enough k and 
then a possibly smaller 7 so that 

TV + ^<i/2^i/(2-)) < 1/2. 

□ 

We now conclude this section by proving Theorem 12. 



Proof of Theorem 2.i. To prove the first two assertions, by the method of conti- 
nuity it is enough to prove the estimate. Moreover, due to the duality argument 
we only need to consider the case p € (2, 00). Then the estimate in the theorem 
follows from Lemma 5.2, a partition of unity, and the idea of Agmon shown, for 
example, in jl7j. The last assertion is a consequence of the first two via a scaling 
argument. □ 
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6. Equations on a half space 



This section is devoted to the proofs of Theorem 2.3 



and 2.4 



We shah estabhsh 

the solvabihty of divergence form eUiptic equations on the half space R'j_ with either 
the Dirichlet boundary condition or the conormal derivative boundary condition by 
using the idea of odd/even extensions. 

We will use the following well known results. 

Lemma 6.1. Let p,q G {l,oo). 

(i) A function u belongs to W^p{K^) if and only if its even extension u with respect 
to Xi belongs to W,^ p{M.'^) . Moreover, we have, 

(6.1) 
(6.2) 



< \\Ux\\ 



< 2\\u. 



(ii) A function u belongs to W^j,{W\^) and vanishes on if and only if its odd 



extension u with respect to xi belongs to W^p{W\_). Moreover, we have (6T) and 



Now we are ready to prove Theorem 2.3 and 2.4 



Proof of Theorem 2. S . We define 



and 



a'^{x) = sgn{x'^)a'^{\x^\,x') for i = l,j > 2 or j = 1, i > 2, 
(x) = a^^{\x^ I , x') otherwise, 

d^{x) = sgn{x^)a^{\x^\,x'), d^x) = {\x^\, x'), j>2, 
b\x)=sgnix')b\\x'lx'), Vix)^Vi\x'\,x'), j>2, 

c{x)=c{\x'\,x'), f{x)=sgn{x')f{\x'\,x'), 
9iix) = gii\x^\,x'), gj{x) = sga{x^)gj{\x^\,x'), j > 2. 



It is easily seen that if the original coefficients satisfy Assumption 2.1 (7), then the 
new coefficients a*-' satisfy Assumption 2.1 (27). Moreover, we have /,g G Lp{M.'^). 



Let L be the divergence form elliptic operator with coefficients a*-', a% &*, c. Due to 
Theorem 2.2, we can find 7 > and Ao > such that there exists a unique solution 
u e Wp solving 

Lu-Xu = divg + f in K'^, (6.3) 
provided that A > Aq. By the definition of the coefficients and the data, we have 
Lu{~x^,x') - Xu{~x'^,x') = -divg{x) - f{x) in R'*. 



Consequently, — m(— .T^,a;') is also a solution to (3.3). By the uniqueness of the 
solution, we obtain u{x) = —u{—x^,x'). This implies that, as a function on M^^, u 



has zero trace on the boundary and clearly u satisfies (2.3) in R'^. This proves the 
existence of the solution. 



To prove the uniqueness, let v be another solution of (2.3) so that, for any 
• G Wj^, (M^j.) with zero trace on 



i'^, we have 



-a^-' v^iipxi — a-'vcjjxi + b^v^icj) + (c — X)v(j)dx = 



-gj(t>xi + f4>dx. (6.4) 
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Denote v to be the odd extension of v with respect to x^. Then by the definition 
of a*-' , a% 6\ c, g, and /, for any tp £ W^, we have 

{^—a^-'vxi'Pxi — oPvipxi + b'^Vxi'p + (c — A)-D(p^ da; 
{—a}^ v,j.i4>^j — a-'v(f>j.j + Vv^icf) + (c — A)w0) dx, 

where 4>{x) := (^(x) — x""^, a;). It is clear that S and has zero trace 

on dMi^. By (6.4), the integral above is equal to 

-gj^t^xi + f(j)dx= I -gj(Pxj + ffdx, 



which implies that v e is a solution to (5.3). By the uniqueness, we get u = v, 
which implies that u = v in W^. Finally, the estimate ( ^.4[ ) follows from (2.2) and 
Lemma 6.1. The theorem is proved. 

□ 



Proof of Theorem 2.4- We define a'^, a% and c as in the proof of Theorem 2.3 



Let L be the divergence form elliptic operator with coefficients a*-' ,a^,b^,c. Different 
from above, we define 

nx) = f{\x'ix'), 

5i(a;) = sgn(a;i)gi(|x^|,a;'): 9jix) = 9ji\x'^\,x'), j > 2. 



Recall that a*-' satisfy Assumption 2A (27). Moreover, we have f,g£ Lp{R'^). 
Due to Theorem 2.2, we can find 7 > and Aq > such that there exists a unique 
solution u e Wp{M.'^) solving (6^) provided that A > Aq. By the definition of the 
coefficients and the data, we have 

Lu{-x'^,x') - Xu{~x'^,x') = divg(a;) + f{x) in W^. 

Consequently, u{—x^,x') is also a solution to ( |6.3[) . By the uniqueness of the 
solution, we obtain u{x) = u{—x^,x'). 

Let p' be such that l/p+ l/p' = 1. For any e Vt^p, (R'[), denote (f> to be its 
even extension with respect to x^ . Since u satisfies ( |6.3|) , integrating by parts gives 



^—a^-'uxiipx^ ~ a-'uipxi + b^Uxicj) + (c — X)u(j)j dx 



+ /0) dx. (6.5) 



By the definition of a*-', a', 6% c, 5, and / as well as the evenness of u a nd 0, all 
terms inside the integrals in (|6.5|) are even with respect to x^ . Thus, (6.5) implies 



-a^-' u^i(f)^j — a'u(j)^j + Vuxifj) + (c — \)u(j)dx 



-9j(l)x:> + f(t)dx. (6.6) 



Since S VF^, (M^j.) is arbitrary, by the definition of weak solutions, u solves (2.5). 
This proves the existence of the solution. 
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For the uniqueness, let v be another solution of ( |2.5D so that, for any G 
Wp/(R!j.), the equality (6^) holds. Let v to be the odd extension of v with respect 
to x^. Then by the definition of a*-' , a\ 6', c, and /, for any (p G Wp, we have 

-a^-' v^iifij-j —aPinp.j.j -\-Vvj.np -\- {c — X)vLp\ dx 



{—aJ'-'Vj.iLpj.j — a-'vifi^j + b^v^i(p + (c — X)vip) dx 
{-a'^v^,(p^j{-x'^,x') - a^v(p^j{-x'^,x') + b'V;^^(p{-x'^ ,x')) 
(c — X)inp{—x^ , x') dx. 



Due to (2.7), the sum above is equal to 

-djy^xi + f'f dx + / -gjLPx, {-x^ + f(p{-x^ , x') dx 

-gj'fixi + f^dx. 



This yields that v £ Wp is a solution of (6^). By the uniqueness, we get i 
which implies that u = v in M'[. Finally, the estimate (2.6) follows from (2.2) and 
Lemma 6.L The theorem is proved. □ 

7. Equations in Lipschitz domains 



In this section we present the proofs of Theorem p.7| and 2.8, Recall that we not 



only assume the leading coefficients a'-' are partially small BMO, but also assume 
that they have small BMO semi-norms in some neighborhood of dU. First we have 
the following classical Wj^-solvability of the Dirichlet problem 

( Cu = div g + f in n , . 

\ u = on (917 ' ^ ' 

see, for example, ]2l| . 

Theorem 7.1. Let be a bounded domain. Assume a^i + c < m m the weak 
sense. Then for any f , g = (gi, • • • ,gd) G ^2(f^) there exists a unique u G W2^(f2) 
solving ( [7.l| ). Moreover, we have 

\\n\\w-^(n)<N\\f\\L,in)+N\\gU,(^ay (7.2) 

In the sequel, we only focus on the case p G (2,oo), since the remaining case 
p G (1,2) follows immediately from the duality. Because is bounded, under the 



conditions of Theorem 2.7, we have /, _g G Lp{^) C L2{^). Owing to Theorem 7.1 



there is a unique solution u G 1^2^(17) to (7.1). As is well known, by the method of 
continuity, in order to prove Theorem ^.7| it suffices to show the a priori estimate 
( p^ ) for u G Wj}(Jl). We need the following local estimates. 

Lemma 7.2. Let D.' <e fJ, f,g = (gi, ■ ■ ■ ,gd) G Lp{Q), and Xq and 7 are constants 
taken from Theorem 2.1. Then under Assumption \2.\ (^f), for any u G Wp, we 
have 

^\\ux\\LAn')<N(Vx\\ 

gWhpin) + !I/!Ilp(o) + A||u||lp(o) + \\ux\\Lp{n) ) , (7.3) 
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provided that A > Aq and 

Cu ~ div g + f in Q, 
where N = N{d,p, S, K, Ro,n' ,n) > 0. 

Proof. Fix a A > Aq. We take a smooth cut-off function rj G C^(rJ) such that rj = 1 
in rt' . It is easily seen that 

£{f]u) - Xrju = div g + / in M'', 

where 

9j = V9j + a'^VxiU, f = V.f - Vx-m + a'^^u^ir^^i + a'urj^i + b'urj^, - Xrju. (7.4) 
Due to Theorem ^.2\ (i), we have 

a/A||u,|U^(0') < VAIIM.IIl, < iVyA|l5||L, + A^ll/lk,. (7.5) 



By (7.4), the right-hand side of ( |7.5D is less than the right-hand side of ( |7.3| ). The 
lemma is proved. □ 

For r > 0, we denote B+ ^ Br r^W[. 

Lemma 7.3. Let < r < R < oo, f,g = (.gi, • • • , gd) & ^pi^ti)' '^"■'^ '^o o.nd 7 
are constants taken from Theorem 2.j. Then under Assumption 2.1 (7 J, for any 
u e Wp^(-B^) satisfying it = on Bji n c)R!^ , we have 

VA||u,||^^(s+) < ^(^^II.9|Il,(b;) + + MMl^^b^) + \M\lab+))^ (7-6) 

provided that A > Aq and 

Cu = div g + f in B~^, 
where N = N{d,p, S, K, i?o, r, R) > 0. 



Proof. The lemma follows immediately from the proof of Theorem 2.3 and Lemma 
tJI We omit the detail. □ 

Remark 7.4. By an it erat ion ar gum ent, one actually can drop the ||mx||lp term on 
the right-hand side of (7.3) and (7.6). However, we will not use this in our proof. 



Next we locally flatten the boundary of dil under Assumption 2.5 (7) and 2.t 
(6). Let us choose a point xq e dil and a number = min{i?i, R2}, so that 

n n Br„{xo) ^{xe Broixa) : x^ > 4>{x')}. 

We define 

yi = - (b{x') := $1(.t), = x^ $^ (a;), j > 2. 
There exists a small ri > depending on such that 

B,, C ^Broixo)), B+ C $(1^ n BrM), 

where we assumed that, without loss of generality, = t/o = ^{xo)- Denote v{y) ~ 
w(^'(y)) for any y G _B+, where = If u € W.p{ft) satisfies the equation (7.1), 
it is easily seen that v satisfies w = on Br^ D 5R!^ and 

Cv — div g + f in , 

where for y e Br^ , 

a^\y) = a^'(*(y))$^.(vl'(jy))$^^, (*(?/)), a^(y) = a^-(*(y))*L. (*(2/)), 
6'(y) = 6'^-(*(2/))'i>L'^- (*(?/)), £iy) = c(vE'(2/)), 
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These coefficients satisfy the boundedness and elhpticity conditions with possibly 
different but comparable constants. Following the argument in wc know that 
a*-' satisfy 



sup 



J Br(xi) 



(7.7) 



for any xi E and r E (0,ri/2], where iVo is independent of 9 and 7. We 

may change the values of a'^ outside i^n/s and extend them to M."^ so that the 
boundedness and elhpticity condition are still satisfied with the same constants, 
and (7.7) is satisfied for any xi G M.'^ and r G (0, with a possibly larger Nq and 
r2 = min{l/4, 6 + "f}ri. Indeed, this can be done by considering 

where t] S Cq^{Bi/4) satisfying = 1 in -Bi/s- Now we choose sufficiently small 9 
and 7 such that No{9 + 7) is less than the constant 7 in Lemma 7.3. By Lemma 
~3l we get 



< N{^/X\\g\ 



l/ll 



/8' 



X\\v\ 



which implies 



Vx\\ nnB^ ) + \\J \\Lp{nnB,. } 

+M\u\\Lp{nnB,.„) + \\ux\\Lj,innB^^}), 
for A > Ao, where depends only on tq. 



(7- 



Now we are in the position to prove Theorem 2.7 



Proof of Theorem 2.1. By using a partition of unity, we get from (7.3) and (7.8) 
that 

^\\ux\\Lp(n) < N2{VX\\g\\LAn) + \\f\\L„{n) + MML^in) + \\ux\\Lp{n)) 

for A > Aq. To absorb the ||Ma;||Lp(n) term on the right-hand side, we take and fix 
a sufficiently large A so that N2 < VA/2. Therefore, 

\\Ux\\Lp{n) < ^3(||.9||lp(J1) + \\f\\Lp{Q) + ll'"llLp(n))- 

Take pi £ (p, 00) such that 1 — d/p > —d/pi. By Holder's inequality. Young's 
inequality and Poincare-Sobolev inequality, we get for any e > 0, 

||w||lp(0) < ^(e)||w||L,(f2) + 4u\\Lp,{n) < N{e)\\u\\L^^n) + Nie\\ux\\Lp{n)- 



Choosing e = 1/(2A^3A'^4) and using (7^), we obtain (2J). The theorem is proved. 

□ 



Next we turn to study the conormal derivative problem: 



Cu ~ div g + f 



g^n- 



in Q 
3 on dn 



(7.9) 
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Lemma 7.5. Let fl be a bounded domain and u e 14^2^ (fi). Assume in the weak 

sense a^i + c < m fi, £m = m O, and a^^u^iji^ + a^un^ = on dQ. 

(i) If in the weak sense a^^ + c = in U, and a^n^ ~ on dfl, then we have u = C 

for a constant C G M. 

(a) Otherwise, we have u = 0. 

Proof. Owing to the strong maximum principle for the conormal derivative problem 
(of. ||2^ and [Q), under the assumption of the lemma, u is a constant in Q. Now 
assertions (i) and (ii) follow from the definitions ( 2.11 ) and ( 2.12 ). □ 



Owing to Lemma 7.5, we get the M^j^-solvability for the conormal derivative 
problem. 

Theorem 7.6. Let be a bounded domain. Assume a^i + c < in in the weak 
sense. 

(i) If in the weak sense a^^ + c = in ^ and a^n^ ~ on dQ, for any f , g = 
(ffij''' i9d) € L2{^) there exists a unique up to a constant u e 1^2^(17) solving 
( [7.9| ) provided that 

V = c = 0, I fdx = 0. (7.10) 

Moreover, we have 

Ik.lU.(a) <iV||/IU.(a)+iV||.g|U,(a). (7.11) 

(ii) Otherwise, the solution is unique and we have 

Proof. We remark that for equations without lower order terms and /, this result 
was proved in . 

First we have the unique solvability in 14^2^ (fJ) of Cu — Xu ~ div g + f with the 
same boundary condition for a sufficiently large A. Indeed this follows from the 
coercivity of the bilinear form 



B{u, v) := / [a''-' Uj.iVxD + a-'uv^j — b^u^iv + (A — c)mw) dx 

for large enough A, and the Lax-Milgram lemma. We fix such a A and denote 
the corresponding resolvent operator to be which is bounded from L2{^) to 

Part (i): Let 

H\n) = {vew^{n)\{v)n^Q}, 

and I : II^{Vl) -^2(^1) be the natural compact imbedding. Also we define T : 
H^{n) H\n) by 

Tv = C^^Iv - {C^^Iv)n. 
Clearly T is a compact operator on H^{fl). Bearing Lemma 7.5 in mind, to prove 
part (i), it suffices to show the unique solvability of (7.9) in H^{fl) and the bound 
(7.11). We claim that if u satisfies 

u + XTu = C^\divg + f) - (/:^i(div.g + f))^ , (7.12) 

then u also solves (^^). Indeed, clearly u solves 

Cu = div g + f + C in ft 1 '?^ 

a^^u^in^ + a^un^ = gjU^ on dVl ' \ - 1 
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for some constant C. To see C = 0, we take = 1 in the integral formulation of 



( [7.13| ) and use ( [Z.lOl) . 

Therefore, any solution to 



XTu = 



(7.14) 



also solves (|7.9D with = / = 0. Due to Lemma |r_5| (i) ( |7.14[) has a unique solution 
It = in H^{Vl). This togethe r wit h the Fredholm alternative shows that there is a 
unique u G H^{Vl) satisfying ( 7.12 ). Moreover, we have the estimate 

\\nAL,{n)<N\\f\\L,ii-i)+N\\g\\L,(^n)- 

Part (i) of the theorem is proved. 

Part (a): The proof is similar. Instead of the space _ff^(fJ), we solve the equation 
in the usual Sobolcv space W2^(rJ). Let I : W2{^) L2{^) be the natural compact 
imbedding. Also we define T : W^iSl) W^{Vl) by 



Clearly T is a compact operator on W2^(ri). Notice that for any u S M^2^(ri) ( [7.9[ ) 
is equivalent to 

u + ATu = /:^^(div3 + /). 

By the Fredholm alternative, the unique solvability in W2{^) and the bound follow 
from the uniqueness in M^2^(r2) of the trivial solution to u + XTu ~ 0, which is due 
to Lemma [t^sI (ii). This completes the proof of the theorem. □ 

We also need a boundary estimate analogue to Lemma |7.3| . 

Lemma 7.7. Let < r < R < oo, f,g= {gi, ■ ■ ■ ,gd) & Lp{B'^), and Xq and 7 
are constants taken from Theorem 2.4- Then under Assumption 2.1 ('j), for any 
u € Wp{B'^) we have 

provided that A > Aq and 



Lu ~ div 5 + / 



in 



pi + a'^u = gi on Bb H ^ 



where N N(d,p,S, K, Ro,r, R) > 0. 



Proof. The lemma follows immediately from the proof of Theorem 2.4 and Lemma 
73 □ 



Proof of Theorem 2.8. Notice that under the conditions of Theorem 2.8, we still 



have ( [tT^) by relying on Lemma 7.7 instead of Lemma 7.3. This together with 



Lemma [7.2| yields the conclusions of the theorem by the same reasoning as in the 
proof of Theorem 2.7. □ 



8. Auxiliary results for the mixed norm case 

The results in this section are similar to those in ||l8| (specifically. Lemma 8.2, 
Corollary 8.3 and Corollary 8.4 in [^). However, since the conditions on the 
operators considered here are more general than those in JTsf , it is not possible to 
refer to the results in |18 based on the idea that the elliptic case can be considered 
as the time independent parabolic case. In addition, contrary to the parabolic case 
where the Cauchy problem with zero initial condition is considered, we are not able 
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to use the solvability to the equation [a^^ u^i)^j ~ div g in the whole space. Because 
of these differences, we present here complete proofs. Throughout the section, set 

Lemma 8.1. Let r G (0, Rq], k > 1, and q e P G (1, 00). Assume that 

111 , , 
< -. 8.1 

q p d 



Then there exists 7 = ^{d,p,q,S^ K) > such that, under Assumption 2.1 (7^, if 
u € satisfies Cqu ^ in Bf^r, then u, € Lp{Br) and 

r~' (l^nl/: + iKint' < N + r-'H'^y^l , (8.2) 
where N = N{d,p, q, S, K, k). 



Proof. First we show that it is enough to prove (8^) only for r = i?o = 1- To do 
this, assume that ( ^.2[ ) holds true for r = i?o = 1 and let u be a function in M^^^j^^ 
such that Cqu = in B^r- Then u{x) := u{rx) satisfies 

{a'^{x)u^.)^, = 

in Bk, where a'^ (x) = a^^{rx). The coefficients a'^ carry the same constants S and 
K as a*-' . Moreover, a*^ satisfy Assumption |2.1| (7) with Rq replaced by 1 because 

osc^' (a*-',rp(x)) = osc^/ (a"^^ ,Trp{rx)) , 

which implies that of = af < < 7. Then by applying the estimate (B.2) with 
r = i?o = 1 to the equation Cqu = in B^, we have 

with the same constant TV. Returning back to u proves the lemma for r G (0, Rq]. 

To deal with the case r = i?o = 1, we fix A > Aq and 7, where Ao and 7 are 
from Theorem 2.2 which work for both p and q. First it follows from the Sobolev 
imbedding theorem that 

i\un]i:<N{\u\'^ + \u,n]i^, (8.3) 

where — N(d,p, q, k). In particular, this shows that (luj^)]/^ is controlled by the 
right-hand side of (3.2). 

Let 77 £ be such that 77 = 1 on Bi and 1] = Q outside S^- Then 

{Cq- X){riu) =divg + f, 

where 

d d 

9j = ^o.'^'^Vx-, = X! a'^u^.T]^, - Xr^u. (8.4) 

Since g has a compact support in the inequality ( ^.31 ) imphes 

\\9\\L,<Ni\u\'^ + Kn'J^. (8.5) 

Now using the fact that f G Lq and the well-known Lp-theory for the Laplace 
operator, we find a unique solution w € to the equation 

Aw — Xw — f. 
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By the Sobolev embedding theorem again and the Lg-estimate corresponding to 
the above equation, 



1/9 



Define v 



\\w\\l, + < N\\w\\w^ < iV||/|U, < N {\u\^ + \u,n^ 

— T]u ^ w, which is in because r/u, w e . In addition, 



(8.6) 



(8.7) 

Note that g, S Lq. Thus, by Theorem 2.2, v is the unique solution in to 
the above equation. On the other hand, by ( ^.5[ ) and (8.6) we have w^i S Lp. 
Thus, again by Theorem 2.2, there exists a unique solution in to the equation 
(^). This implies that v has to be the unique solution in to the equation (S.7). 
Moreover, 

< N {\\g\\L^ + \\w,\\l,) ■ 



From this, (S.5), ( |8.6| ), and rju ^ w + v, 
This finishes the proof. 



1/9 



□ 



Assume that I < q < p. Then we can always find po 7 Pi, • • • ,Pm such that po = q, 
Pm = P, and 1/pi — < 1/d, i — 0, - ■ ■ ,m — 1. Using the above lemma as 

many times as needed, we prove 



Corollary 8.2. Let r e (0,i?o], k > 1; and q G (l,p]. P G (l,oo)- Assume that 
u e Wq satisfies Cqu ~ in Bj^r- Then there exists 7 = j{d,p,q,S, K) > such 
that, under Assumption \2.\ (^), we have u, G Lp{Br) and 



where N — N{d,p, q, (5, K, k). 

As noted earlier, the corollary below corresponds to Corollary 8.4 in but 
the statement is a little different. 

Corollary 8.3. Let p,q G {l,oo), A > 0, and < r < Ro/\/2. Assume that 
u € Wq and CqU — Xu = in i?2r • Then there exists 7 = j{d, p, q, S, K) > such 
that, under Assumption \2.\ (7j, we have Ux G Lp{Br) and 

1/9 



where N ^ N{d,p,q,S,K). 



Proof. It suffices to prove the case q < p. We take 7 from Corollary B.2. First 
assume that A = 0. Set r = \/2r <E (0, i?o] and consider u — {u)b^ , which is 
in W^Y^^ and satisfies Cqu = {] in B^^. Then by Corollary S.2 and the Poincare 
inequality 



(Kin 



i/p 



< N 
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\/2t 



This proves 



when A = 0. 



If A > 0, we set 



u(z) = u{x) cos{VXy), 
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where z G M''+\ z = {x,y), x G M"*, and y e R. Then 

(a^-'U^.)^,! + Uyy = 

™ ^V2t = {l^l ^ • ^ £ R''+H> 7- = \/2r G (0,i?o]- By the proof above for 
A = 0, we obtain 

{\u.\nf<Ni\u.nf . 

Note that there exists a small constant = N{p), independent of r and A, such 
that 



N < j \cos{VXy)\Pdy. 

Thus 

/ \u^{x)\P dx < N -f / \u^{x) cos{VXy)\P dx dy < N -f \u,\p dz. 

J Br J -r J Br J Br 

Also we have 



dz<N I / I cos(yAy)u:r(a;)|' dx 

J -2r J B2r 



dy 



2r 



-N { / |^/Asin(^/A^J)M(x)|9dxd2/< Af(|M,r)s,^+7VA«/2(|u|9), 

-2r J B2r 



Using the above two sets of inequalities we complete the proof of (B.8). □ 



9. Results for the mixed norm case 
As introduced earlier, the mixed norm Lg^p of u means 

1/9 



/ (f \uix,,X2)\PdxY\2] 



Throughout the section, by £ we mean the elliptic operator in (1.1), the coefficients 
of which have the same conditions as in Section |^. 

We state the main results concerning elliptic equations in Sobolev spaces with 
mixed norms. The proof of the first main result is presented at the end of Section 

Theorem 9.1. Letp,q G (l,oo), and f , g ^ (51, ■ ■ • ,gd) G Lg p . Then there exists 
a constant 7 ^(d,p^q,d, K) such that, under Assumption 2.1 (j), the following 
hold true. 

(i) There exist constants Ai and N, depending only on di, o?2, P, q, S, K, and Rq, 
such that 

^\\u4w, + AlklU,., < NVx\\g\\L,_^ + N\\fU,,,, 
provided that u G W^^, A > Ai, and 

£u- Xu = divg + f. (9.1) 

(ii) For any A > Ai, there exists a unique u G ^ satisfying ( |9.l[ ). 

(Hi) If a'' = V = c ~ and a*-' = a'^^{x^), i.e., measurable functions of x^ G M only 
with no regularity assumptions, then one can take Ai = 0. 
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The following two theorems are about the Dirichlet problem and the conormal 
derivative problem on a half space when Sobolev spaces with mixed norms are 
considered. Since their proofs are basically the same as those of Theorem 2.3 and 



2.4, that is, we use Theorem 9.1, Lemma |6.l| , and odd/even extensions, we only 
state the theorems. 

Theorem 9.2. Let p,q E (l,oo) and f,g~ (<?ir ■ ■ ,gd) G Lq^p{M.'^). Then there 



exists a constant 7 — j(d,p^q,S, K) such that, under Assumption 2.1 (7^, the 
following hold true. There exist constants Ai and N , depending only on di, d2, p, 
q, S, K , and Rq, such that 

provided that A > Ai and u G Wq p{W\_) satisfies w(0, x') = and 



Cu — Xu = div g + f in . 



(9.2) 



Moreover, for any A > Ai and g, f E Lq,p{M.'^), there exists a unique u € M^^^p(M'^) 
satisfying (|9.2[) and w(0, x') ~ 0. 



Theorem 9.3 (Conormal derivative problem on a half space). Let p, q £ (l,oo) 
and f, g ~ (51, • • • ,(?d) G ^q.p^\)- Then there exists a constant j = ')(d,p,q,5, K) 
such that, under Assumption \2.\ (^), the following hold true. There exist constants 
Ai and N , depending only on di, d2, p, q, 5, K , and Rq, such that 



<N^\\g\\r 



^II./IIl,,p(e^). 



provided that A > Ai and u G p(W\_) satisfies 



Cu — Xu = div g + / in 



a^^u^i + a^u = gi 



on dRi ' 



(9.3) 



Moreover, for any A > Ai and g, f £ Lq,p{W^), there exists a unique u g Wq^p{Wl) 
satisfying (9.3). 



Note that, similar to the homogeneous norm case, solutions of (9.3) are under- 
stood in the weak sense, i.e. u £ W^p{M.'^) satisfies ( p.3| ) if we have 



a-'u4}^j + b^u^i<j) + (c — X)u(pj dx = / {—gjipxi + f'P) dx 
for any (/) S W^, p,(Rf), where q',p' satisfy l/g + = 1 and 1/p + = 1. 



10. Mixed norm estimate of u^i 
In this section we set 

and prove that the mixed norm of u^i is controlled by that of g and u^' if Cqu = div g 
and a'-' satisfy Assumption |2.l| (7). 



The first result of this section is an Lp-version of Lemma 3.4. Since Theorem 



2.2, more precisely, Theorem 2.2 (iii) is now available, the proof of the lemma is 
exactly the same as that of Lemma ^.41 with p in place of 2 and Theorem 2.2 in 
place of Theorem B.2. 
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Lemma 10.1. Let p e (l,oo), A > 0, r > 0, k > 8K6 \ and a^^ = a"(a;^). 
Assume that u G and 

Cqu — \u = div g + /, 
where f , g £ Lpjoc- Then there exists a constant N = N(d,p,d, K) such that 



+N^^''-^P (\u^,,\P + XP^'\u\P + \~g\P + X-P^'lflpV^" , 



for all p> 1, where a^^ , u, f , and g are those in (3.3) and ( |3.4| ). 

It is possible to derive a similar but more complicated estimate from the above 
lemma if a'^ are measurable in and BMO in x' S R"^"^. 

Theorem 10.2. Let p E (l,oo). If u E satisfies Cqu — divg, where g E 

Lp.ioc, then for each xq E M*^, fJ- ^ ^, k > 16/^(5^^, and r E (0, -^^], there exist 
7o = loidTPjS, K, ^) and a measurable function a(x^) — axQ,fj,,Krix^) such that 
S < a(x^) < K and 

provided that a*^ satisfy Assumption 2.1 (7^ and 7 < 79. Here N = N{d,p,S, K), 
independent of pL, and Ni ~ Ni{d,p,S., K, fi). Recall that u and g are those in (3.3) 
and (Q. 

Proof. First we prove the case when xq is the origin. By a scaling, it suffices to 
consider the case i?o = 1- For given fi> 1, k > 16KS~^, and r E (0, -^^], denote 

C^^ = {-p-^r, fi-^r) X B;,, Cr = (-r, r) x S,;,. 

Fix a A > Ao and let 70 < 7, where Aq = Xa{d,p,S, K) and 7 = j{d,p, S, K) are 
taken from Theorem 2.2. By Theorem 2.2 there exists a unique solution w E Wp 
to the equation 

Cqw - Au) = div(/cM^g) + IctiJx, 
where f\ = —Xu. It then follows that 

Vx\\w\\l, + \\w.,\\l, < N {\\Ic-,M\l, + A-i/2||/^,j,||^^) , 

where N ~ N{d,p,5,K) is independent of /Lt. The notations in (3.3) and ( p.4D turn 
the above estimate into 

<Npi-A\Ic^Ji\\L,+NY,\\Ic.M\L,+NX^/^\\Ic^M\L,, 

where N = N{d,p, 6, K). This indicates that 

(I^^.DbC' < N^^^/P{\~g\P + Af/^Kir)^/^^ , 



(izD.r + A^'/^l^lf) < N{\~g\P + X^/M^fs' 
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since ^ > 1 and Cnr C B^^^. 

Observe that v := u ~ w satisfies 

Cqv - Au = div ((1 - Icli^g) + (1 - Ic'-i,)fx- 
Define £o to be tfie operator given by replacing tlie coefficients a^^ of with 

We also set a{x^) = a(/.i~^x^). Then 

£0^^ - Au = div g + f, 

where 

01 = (a-a")u^i + = (1 - /^mJ^j, j > 2, 

Note that k/2 > ^K5~^ . By Lemma 10.1 applied to the above equation, we get 

+Nk''^p (\v^, \p + XP/^\v\P + \~g\P + X-P^^\}\P) . 
Due to the indicator functions in front of g and f\, we see that 

<i?P\ i \a~a^^?Pd^ (i \v^i\^Pdx\ . 



M t \a~a \ '-ax \ \ + 

\J B^,,2 ) \JB^,i^ 

To estimate the last term in the above inequality, note that, in C^^^ 

Cqv — Aw = 0. 

Thus V satisfies, in C„r 3 -Brer, 
where 

A calculation along with the fact /i > 1 shows that 

osCa;' {a}'^^Tr{x)) < fi osCx' (fl^"'^ , (/i~^a;^ , o;')) . 

We have similar inequalities for the other coefhcients, so we have < ^a^- As 
to the boundedness and the uniform ellipticity constant of these coefficients, we 
see that they are bounded by K as a'-' , but the ellipticity constant is id^^S instead 
of S. Find 70 such that df < 7, where 7 = j{d,p,2p, ij.~^5, K) is taken from 
Corollary |8.3| . Then by Corollary along with nr < 1/ \f2 there exists a constant 
A^i ~ Ni {d, p, S, K, ^) such that 

1/2 

\v^\P + ^l-PXP'^\v\Pdx 
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On the other hand, 



L 



72 



To finish the proof of the case xa = 0, wc combine all the inequalities above as 
in the proof of Lemma 3^. We also bear in mind that the fixed A is a constant 
depending only on d, p, 6 and K. For the general Br(a;o), xo = {xq,x'q), we use a 
translation u(x^,x') —> u{x^ + fi~^XQ,x' + Xq), which gives u{x) —> u{x + xq). □ 

Recall that, for x = (x^, x^, • • • , a;'') € M'', Xi represents the first di coordinates 
of X and X2 represents the remaining c?2 coordinates of a;, where ^1,^2 > and 
^1+^2 = d- Let 

Bf}{x^) = {|xi -yil <r:y,e M^^^, S,^^(x2) = {|x2 -^2! < r : y2 ^ R"'}. 

As before, we set Bf:^ = B^^{0) and B^' ^ B^^{0). For a function / defined on R'^, 
denote 

ll/(-,X2)||p,d, = f / |/(xi,X2)rdxi) 

\JR''i / 

Note that ||/(-, X2)||p,di is a fimction of X2. 



i/p 



Corollary 10.3. Under the assumptions of Theorem 10. i . there exist constants 
N = N{d,p,S,K) and Ni = Ni{d,p,d, K, fi) such that 

, , , \\\ux^i-,X2)\\p,di ~ \\ux^i-,y2)\\p,dif dx2dy2 



< 



Nl^" f ||S..(-,X2)||^,,^+i?0ni«(-,X2)||^,,^ + ||5(-,X2)||^,,^dX2 

+iv(«;-f + «;V^ + A^i«^V/') Iis.i(-,x2)r, ^dx2 

for all K > 16KS-^ and r G (0, ^]. 

Proof Fix K > 16K5~^ and r e (0, Note that 

\\\Ux^{-,X2)\\p,d, - ||Wa.i(-,y2)llp,dir < ||Wxi(-,X2) - Ui;i(-,y2)llp,di 

= / / \u^i{zi + wi,X2) - Uxi{zi + wi,y2)f dzidwi 

J B^^ Jm''i 

= t \u^i{wi,X2) - Ux^{wi,y2)\'' dwidzi. 

We use Theorem 10.2 to find = '^(zi 0) \/2Kr corresponding to B^^{zi,0). 
Since 5 < < K , the last term above is not greater than 5~p times 

/ f |az>:ci(wi,X2) - azjUj.i(wi,y2)|^ dwi dzi. 

Thus the left-hand side of the inequality in the corollary, denoted by /, satisfies 

I<N TIT \aziUxiiwi,X2) - az^u^xi{wi,y2)f dwidx2dy^dzi. 

J«''i J Bf^ J B^^ J B^^zi) 

Observe that 

(wi,X2) - az,'u^i(wi,y2)|P 
< 2^' I flzi 1 ( wi , X2 ) - (flzi w^i ) I P + 2^' I flzi Ua- 1 ( wi , y2 ) - (a^i "a- ^ ) (zi ,0) T 
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and 
Hence 



I< N 



1 JS^^(zi,0) 



where N depends only on d and p. Then by Theorem |10.2 we have 



dzi 



dzi, 



where N is independent of fx. 

The same process as at the beginning of the proof yields, for example, 



l.9|^)B2Kr(zi,0) 



dzi = + \g{zi + Wi,X2)\P dwidx2dzi 

<N{d) I f / |g(zi + Wi,X2)|PdX2dWidZi 

= nI f |ff(zi,X2)rdzidx2=iV / ||.g(.,X2)||^,^dx2. 

Therefore, we obtain the inequality in the corollary. □ 
If g is a function defined on M.'^'^ , naturally its maximal and sharp functions are 

Mg{x2) = sup / \g{y2)\ d-y2, 

r>0 J Bi^(x,) 



g*(x2) 



sup 



r>0 J Bp{x2) 



>0 J B"2(xi) 

\9iy2) - (5)5^^2 (^^) I dy2- 



We now come to the main result of this section. 



Theorem 10.4. Let 1 < p < q < 00. Then there exists a constant^ = j{d,p, q, i5, K) 
such that, under Assumption 2.1 ("f), the following holds true. There exist constants 
N and i?3 £ (0,1], depending only on di, d2, p, q, S and K, such that, for any 
u G satisfying Cqu = divg, where g S Lq ^, 

< N {\K'\\l,.,+Ro'Ml,., + Ml,.,) , 
provided that u{xi,X2) = for X2 ^ -B^l, R G (0, i?3i?o]- 

Proof. Again we may assume Rq = 1. Fix yU > 1 and k > 16K6~^, which are to be 



chosen below. Let 7 < 70, where 70 = joidjP, S, K, 11) is taken from Theorem 10.2 
and set 

U(X2) = \\u^l{-,X2)\\p,di, 
f(x2) = \\u^'{-,X2)\\p,di + ||u(-,X2)||p,di + ||5(-,X2)||p,<ii, 



where u and g are defined as in (3.3) and (3.4). If r < R/{2k), from Corollary 10.3 

.on as well as the E 

|U- (U)3d2(-^^ |dX2 



along with an appropriate translation as well as the Holder's inequality it follows 
that 



B"Hk2) 
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for all X2 G M'^^ , where N is independent of /.t. If r > i?/ (2k), since u has a compact 
support in by the Holder's inequahty 



,'„P^1/P 



-Br-(X2) -Br-(X2) 

Therefore, by the above two sets of inequalities as well as the fact that, for example, 



< MfP(x2), we obtain 



for all r > and X2 G W^'^ , where N is independent of ji. This implies the point- 
wise estimate that the sharp function u'^ is bounded by the right-hand side of 
the inequality. Then using the maximal function theorem and the Fefferman-Stein 
theorem, we get (note that q > p) 

Bearing in mind that N is independent of ^, we choose first a sufficiently big k, 
then a sufficiently big n, and finally sufficiently small 7 and i?3 so that 

N{k.~^ + + Nik'^'p-i^/^'^p^ + {kRY^^^-^/p^) < 1/2 

for all R < R3. It then follows that 

\\u^x4l,,^ < N (||iV|U,,p + \\u\\l,.^ + !I.9||l,,J , 

where N = N{di,d2,p,q,6, K). To finish the proof, we turn the above inequality 
into an inequality in terms of u and g. □ 



Finally, in this section we prove Theorem 9.1 



Theorem 4.3 
Theorem 3.2 



11. Mixed norms 

First we present an ip-version of 



Now that we have proved Theorem 
if a'-' are measurable functions of x 



2.2 (iii), which is an Lp- version of 
I R only, the following theorem 



is proved in the same manner as Theorem 4.3 using Theorem 2.2 and Corollary 4.2 



Theorem 11.1. Let p e (1, 00), A > 0, k > 4, r > 0, and = = c = 0. Assume 
that a'-' = a*'' (x^) and u £ satisfies Cu — Xu = div g + f in B^r, where f, 

g £ Lpjoc- Then there exist positive constants N and a, depending only on d, p, 5, 
and K , such that 

(|w.' - MbJ)b^ < Nn-P" (k.r + AP/2|7.|P)^ + Nk'' {\g\P + X-P/^\f\P 



Based on Corollary 8.3 and Theorem 
oscillations of follows. 



we prove an estimate of the Lp 
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Theorem 11.2. Let p e (1, oo) and = 6' = c = 0. Assume that u E satis 



pjoc 

fies Cu = diY g, where g € Lpjoc- Then there exists a constant 70 ~ "foid,p, q, 5, K) 
such that, under Assumption 2.1 (7^, 7 < 70, the following holds true. There exist 
positive constants N = N(d,p,S,K) and a = a{d,p, S, K) such that 

+NK''^P{\g\P + R-P\u\P)'^l 

for all K>8, r e (0, 

Proof. By a scaling, we may again assume Rq ^ 1. Fix a A > Ao and let 70 < 7, 
where Aq = Xo{d,p,d, K) and 7 = ^{d,p,d, K) are from Theorem 2.2. Then there 
exists w e Wp such that 

Cw — Xw ~ div(/B^,..g) — \Ib,„u, 

As before, this shows that 

{\w,\nB.<Nn''(\gf + \^'M'')^^^. 

(I^^.Db.,, + A {\Ob.. < N (\g\' + X^^'\u\A . 

By setting v :^ u — w wc observe that v S W^^^^, 

Cv-\v = div ((1 - - A(l - Ib^.)u, 

and Cv — Au = in 
Let 

a'^{x^) 



B' 



a^\x^,y')dy' , dp = (a'V^.)^,-. 



Then due to the fact that Cv — Au = in -6^^, 

Cv-\v= {{a'^ - a'')v^^) 
in -B^r- Since k/2 > 4, by Theorem 



11.1 



applied to the operator C 



{\vx<-MBj)B.<N^i-P''(\v.AP + \^'M'') +NKW-g\P), 
where gj — (a'-' — a^^)vj.i. Note that 



r/2 



2 I 



where /i < Na"^^^^. Under the assumption that 70 < 7, where 7 = 7(d, p, 2p, (5, k) 
in Corollary we have by Corollary 8.3 applied to the fact that Cv — Xv = in 

, 2 



h < N (\v.,\P + XP/^\v\P 



Here we also used th e fac t nr < 1/ a/2. Now to finish the proof we proceed as in 
the proof of Theorem 3.3. □ 



Theorem 11.2 along with the argument in the proof of Corollary 10.3 yields 
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Corollary 11.3. Under the assumptions of Theorem 11. i , there exists a constant 
N = N{d,p, (5, K) such that 



I I 

J Bi^ J B 



|||wx'(-,X2)||p,di - \\ux'{-,y2,)\\p,dif dx2dy2 



for all K>8, r <E (0, ^ 



\\9{;X2)\\l,,+Ro''\H;X2)\\l,^dx2. 



By adopting the same strategy as in the proof of Theorem 10.4 as well as using 
the argument in the last part of the proof of Lemma 5.2, we obtain the following 
lemma from Corollary 11.3. 

Lemma 11.4. Let 1 < p < q < oo, a' = ¥ = c = 0. Then there exists a constant 
7 = ''y{d,p,q,6,K) such that, under Assumption \2.^ (j), the following holds true. 
There exist constants N and R3 £ (0, 1], depending only on di, d2, p, q, S and K, 
such that, for u G satisfying Cu = div g, where g € Lq^p, 

provided that u{xi,X2) = for X2 ^ 



11.4 



By modifying the proof of Lemma 5.5 in |Tj] and using Lemma 
prove the following lemma. 

Lemma 11.5. Let 1 < p < q < 00, f , g ^ {gi, ■ ■ ■ , gd) e Lq^p, u G 

Cu — Xu ~ div g + f. 



above, we 



and 



Then there exists a constant 7 = "f{d,p,q,S,I{) such that, under Assumption 2.1 
(^), the following holds true. There exist constants R3 G (0, 1], Ai and N depending 
only on di, d2, p, q, S and K , such that 

AlklU,., + a/A^^IU,,^ < N (VA||.g|U,.^ + WfU,.,) , 
provided that u{xi,X2) = for X2 ^ and A > Ai. 



Proof of Theorem 9J_. li p = q, the theorem is a special case of Theorem 2/1. The 
case q < p \s proved by the duality argument, so we assume that q > p. In this 
case , it suffices to prove the estimate in the theorem for u G C^, which, by Lemma 
11.5, holds true for u with a small compact support with respect to X2 € K'*^. Then 



we finish the proof by using a partition of unity (see the proofs of Theorem 5.7 in 
Tt) or Lemma 3.4 in [pi). □ 
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